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Entrainment by a pacemaker was investigated experimentally and numerically in a chain of chemical oscillators
using coupled discrete Belousov-Zhabotinsky reaction oscillators. The spontaneous frequency of each oscillator
depended on the concentration of catalyst ions. The coupling strengths among the nearest neighbor oscillators
were controlled by changing the spacing distance (d) between beads. When the coupling strength was
sufficiently strong, the pacemaker entrained other oscillators in the chain. Subsequently, the trigger waves
propagating from a pacemaker were observed. The range of trigger wave propagation area, i.e., the number
of entrained oscillators, depended ond. Numerical simulation for the system described the experimental results
well. Furthermore, photic noise maximized the strength of entrainment at an optimal noise intensity.

Introduction

Pacemakers, oscillators with higher frequency than others,
entrain and coordinate oscillators in coupled oscillator systems.1,2

Especially in biological systems, it is well-known that the
pacemaker (master oscillator) often plays various important
roles.3,4 Recently, the functions of pacemakers in neural
networks with complex topology have been investigated using
a phase oscillator model.2 They were found to possess a critical
coupling strength for entrainment of the entire system.

Belousov-Zhabotinsky (BZ) reaction systems are also well-
known systems for the study of nonlinear dynamics, e.g.,
entrainment of many chemical oscillators.5-7 To mimic the
above biological aspects, BZ systems are frequently used.8 A
target pattern in the BZ medium is the typical spatiotemporal
structure coordinated by a pacemaker in coupled chemical
oscillators.9 The pacemaker at the core in the target pattern is
a source of the propagating trigger waves; such dynamics of
spatially continuous BZ systems have become well understood.
The discrete BZ oscillator system, however, remains enigmatic;
recently, it has been studied using cation-exchange beads.10-18

In such a bead-oscillators system, trigger wave propagation has
been observed to arise from successive entrainment of oscilla-
tors.14 The maximum area of the propagation of the trigger
waves in the two-dimensional lattice of bead oscillators has been
described as a function of the coupling strength.18 The bead-
oscillators systems might then have additional degrees of
freedom because they include the finite size of the bead,
characteristic scales of the reaction-diffusion field, and the
resulting pattern fields and the system size. All of those factors
might then engender various spatiotemporal structures.19,20

Therefore, the bead-oscillators systems might show rich dynamic
features that are indescribable in the context of the simple phase
oscillator model. In addition, optimal noise application report-
edly enhances entrainment in coupled bead-oscillators,16-18 the

so-called stochastic synchronization.21-27 Nevertheless, such
interesting dynamics related to multiple characteristic scales,
as well as noise, have not been investigated well.

In the present study, we experimentally and numerically
examine entrainment dynamics in 1D coupled-discrete BZ
chemical oscillators that are distributed spatially in a chain with
spacingd to clarify the roles of a pacemaker and its dynamics.
Coupling between two oscillators via mass diffusion of chemi-
cals can be realized and varied byd in this case.

Experimental Section

Chemicals and their concentrations were prepared as 0.83 M
H2SO4, 0.28 M KBrO3, 0.06 M KBr, and 0.11 M CH2(COOH)2
at room temperature of 24( 1 °C. To absorb the catalyst into
cation-exchange beads (50 W×4; Muromachi Technos Co. Ltd.),
beads with diametera (0.90 ( 0.01 mm) were immersed for
more than 6 h with stirring in a ruthenium(II)-bipyridyl
complex (Ru(bpy)32+) solution controlled to the desired con-
centration. To obtain a regular and precious arrangement of
beads in the BZ solution, we prepared glass boards (40 mm×
40 mm × 5 mm) with regularly arranged holes (diameter
0.60( 0.01 mm) using microblasting technology. A bead was
placed in each hole on the board, which was then immersed
into the BZ solution (20 mL) in a Petri dish (diameter 5.8 cm)
on the level desk; the layer thickness of BZ solution covering
the glass board was about 5.6 mm. We paid careful attention to
suppress hydrodynamic instabilities in the BZ solutions as long
as we could. Figure 1 shows a chain of coupled bead-oscillators
with a pacemaker. The oscillator 0 is the pacemaker, and
oscillators 1-10 are the slaved oscillators. They were coupled
to the nearest neighbor beads via mass diffusion of chemicals
with spacing d. The spontaneous frequency of each bead
depends on the concentration of the catalyst ions: the lower
the concentration in the bead, the higher the frequency of its
oscillation. The pacemaker bead therefore usually has a
concentration of catalyst lower than that in the slaved beads.
The natural period of the pacemaker with 1.73× 10-5 mol/g
of Ru(bpy)32 + was 210( 10 s, whereas that of the slaved
oscillator with 2.3× 10-5 mol/g of Ru(bpy)32 + 256 ( 13 s.

Oscillation was recorded using a CCD camera, the images
of which were stored for later analysis on a videotape and a
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computer hard disk. The time sequence of optical intensity from
each oscillator was obtained by averaging the gray level of the
8 × 8 pixels at the central region on the bead surface. To avoid
the transient process, the analyses for respective oscillators were
performed after waiting for a sufficiently long period; the time
duration was 10 000-20 000 s from initiation.

Results and Discussion

Figure 2 shows typical examples of the spatiotemporal plots
of oscillations in a chain of bead-oscillators with a pacemaker.
In the large spacing ofd ) 0.2 mm, the coupling strength was
too weak to entrain slaved oscillators using a pacemaker. For
that reason, all beads oscillated in their own frequencies (Figure
2a). Asd decreases, the pacemaker oscillator entrained more
of the slaved oscillators from the left side in succession. At
d ) 0.06 mm, the pacemaker oscillator entrained five slaved
oscillators (oscillators 1-5). Subsequently, the trigger waves
began propagating from the pacemaker (Figure 2b). We have
two different domains in this case. Ind ) 0.04 mm, all
oscillators were entrained by the pacemaker and the trigger
waves traveled all over the beads (Figure 2c). Therefore, we
have a single domain in this case. The velocity of propagating
trigger waves was about 4× 10-2 mm/s.

To characterize entrainment by a pacemaker, we define the
relative phaseθ(τn) of the slaved oscillator for the standard time
based on the pacemaker, as shown in Figure 3. Hereτn is the
time of thenth oscillation of the pacemaker, andtn represents
that of the slaved oscillator. The phase difference between the

pacemaker and the slaved oscillator is then determined as
∆θ(τn) in Figure 3.

Figure 4 shows the time series of∆θ(τn) for the slaved
oscillators 1-6 in Figure 2b. The oscillators 1-5 show no
temporal development of∆θ(τn) (Figure 4a), verifying that these
were perfectly entrained by the pacemaker. The systematic and
constant phase difference between oscillators is observable. In
contrast, oscillator 6 shows a continuous shift of∆θ(τn), as
shown in Figure 4b. That is, oscillator 6 was not entrained at
all by the pacemaker.

Figure 5 shows the probability of∆θ(τn) for each slaved
oscillator. Ind ) 0.2 mm, because of the lack of entrainment,
no peak existed in the probability for each slaved oscillator, as
shown in Figure 5a. Ind ) 0.06 mm, peaks were observed in
oscillators 1-5; no peak was observed in oscillators 6-10
(Figure 5b). Ind ) 0.04 mm, peaks were observed in all slaved
oscillators, indicating that all slaved oscillators were entrained
by the pacemaker.

Next, we introduce the time-averaged entrainment rater
defined as

where∆Ψ is the phase difference at the peak of probability of
∆θ(τn) and the bracket denotes the average over time. Forr g
0.8, we assume that the slaved oscillator is sufficiently entrained
by the pacemaker and count the number of entrained oscillators
asNE. Figure 6 showsr for each slaved oscillator with various
spacingsd. At d ) 0.2 mm (Figure 6a),r and the number of
the slaved oscillators entrained by a pacemaker,NE, are 0. At
d ) 0.06 mm, shown in Figure 6b,NE is 5, indicating that the

Figure 1. Chain of Belousov-Zhabotinsky bead-oscillators with a
pacemaker (master oscillator). The oscillator 0 is the pacemaker and
oscillators 1-10 are the slaved oscillators. The natural periods of the
pacemaker and the slaved oscillator are about 210 and 256 s,
respectively. The darker area demarcates the oxidation state; the lighter
area is the reduction state.

Figure 2. Spatiotemporal plots of oscillations in a chain of coupled
bead-oscillators with a pacemaker (no. 0). In (a), (b), and (c), the spacing
distancesd are 0.2, 0.06, and 0.04 mm, respectively. The darker area
demarcates the oxidation state; the lighter area is the reduction state.

Figure 3. Definition of the relative phaseθ(τn) and the phase difference
∆θ(τn).

Figure 4. Time series of the phase difference∆θ(τn) between the
pacemaker and the slaved oscillator withd ) 0.06 mm. Points (a) and
(b) show, respectively,∆θ(τn) values for oscillators 1-5 and the
oscillator 6.

Figure 5. Probability of∆θ(τn) for each slaved oscillator. In (a), (b),
and (c), the respective spacing distancesd are 0.2, 0.06, and 0.04 mm.

rei∆Ψ ) 〈ei∆θ(τn)〉 (1)
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slaved oscillators 1-5 were entrained by the pacemaker. At
d ) 0.04 mm (Figure 6c),NE is 10, indicating that all slaved
oscillators were entrained by the pacemaker. Figure 7 shows
NE as a function ofd. The value ofNE decreases suddenly at
d ) 0.06 mm with increasingd. Therefore, the critical spacing
dc ≈ 0.06 mm. The large fluctuation ofNE was observed only
near dc; that is, NE showed a great change for each trial,
indicating thatNE near the critical spacingdc becomes extremely
sensitive to the experimental conditions. This experimental
observation will be elucidated in the next section.

Numerical Simulation

Model. In the photosensitive BZ reaction using Ru(bpy)3
2+

as a catalyst, constant light illumination suppresses oxidation
through photochemical production of Br-, an inhibitor of
autocatalysis in the BZ reaction. We conducted numerical
simulation using a modified dimensionless photosensitive
Oregonator model to investigate entrainment in a BZ oscillators
chain with a pacemaker:28,29

Therein,xi, yi, andzi represent, respectively, the concentrations
of the activator, the inhibitor, and the oxidized catalyst of the
oscillator i; ε and ε′ are scaling constants (ε ) 4.29 × 10-1,
ε′ ) 2.32× 10-3); q is another scaling constant (q ) 9.52×
10-5); h is a stoichiometric factor (h ) 0.5); andp1 and p2

(p1 ) 1.12× 10-1, p2 ) 6.89× 10-1) represent, respectively,
the coefficients of photosensitivity determined by the combina-
tion of concentrations among bromate, sulfuric acid, and
bromomalonic acid;φ is the light flux. The total catalyst ion
concentration of the oscillatori is ci, which determines the
spontaneous period of the oscillatori. Depending onci, the
pacemaker and slaved oscillators were determined. The catalyst
ions are absorbed in the beads and coupling between oscillators
is mediated by respective diffusions ofx andy. For simplifica-
tion of the calculation, we assumed each bead as a point
oscillator and the coupling strength is given asD/d2, whereD
andd are the effective diffusion constants including geometric
contributions as well and the spacing between oscillators
respectively.18 In our calculation, hereD ) 1. Σ<j> indicates
the summation over the nearest-neighborsj of the oscillatori.

Computer simulation was performed using the fourth-order
Runge-Kutta method with the time step∆t ) 0.005. Statistical
quantities were calculated from a run of 5.8× 106 time steps
after discarding the initial 2× 105 time steps as a transient.

Entrainment in a Chain of Chemical Oscillators with a
Pacemaker. Simulation has been done with changing the
spacingd to check the aspect in Figure 6. We performed
simulation in an oscillator chain consisting of a pacemaker and
10 slaved oscillators. Figure 8a shows spontaneous periods of
the slaved oscillators with a random and arbitrary choice of the
concentration{ci} of the catalyst in a chain. The fluctuation in
period (about 5% of average) is well-reproduced in the
experimental condition. Here, the distribution of{ci} is given
as a Gaussian distribution with an average of 0.5 and a standard
deviation of 0.1. Figure 8b-d shows the entrainment rater as

Figure 6. Entrainment rater of the slaved oscillators. In (a), (b), and
(c), the respective spacing distancesd are 0.2, 0.06, and 0.04 mm.NE

is the number of the slaved oscillators entrained by a pacemaker.

Figure 7. NE as a function ofd in the chain of bead-oscillators with
a pacemaker.

εx̆i ) xi(1 - zi/ci) - xi
2 + yi(q - xi) + p2φ +

ε
D

d2
∑
<j>

(xj - xi) (2)

ε′y̆i ) 2hzi - yi(q + xi) + p1φ + ε′
D

d2
∑
<j>

(yj - yi) (3)

z̆i ) xi(1 - zi/ci) - zi + (p1/2 + p2)φ (4)

Figure 8. Entrainment rater of slaved oscillators obtained from
numerical calculation. (a) Spontaneous periodT of each slaved oscillator
given by a random choice of{ci}, whereT′ ) 51.61 indicates the period
of the oscillator withci ) 0.5. In (b), (c), and (d), the values ofd were
30, 12, and 10, respectively. The pacemaker (no. 0) had the concentra-
tion of the catalystc0 ) 0.14 and the spontaneous periodT0 ) 41.
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a function ofd. In large spacing (d ) 30), no entrainment by
the pacemaker exists (Figure 8b). Asd decreases, the pacemaker
entrains the slaved oscillators andNE increases. At critical
spacing,d ) 12, the slaved oscillators 1-5 were entrained by
the pacemaker (Figure 8c). In that case, the entrainment stopped
at the oscillator 6 because the large difference of their own
periods between the oscillators 5 and 6 occurred accidentally.
Figure 9 showsNE as a function ofd. At d ) 12, the value of
NE decreased suddenly and the large fluctuation ofNE was
observed. Because of fluctuations of spontaneous periods,NE

varies at the critical spacing. Therefore,NE at the critical spacing
dc is strongly sensitive to the distribution of the spontaneous
periods, which well describes the experimental observation in
Figure 7.

Noise-Induced Entrainment in a Chain of Chemical
Oscillators with a Pacemaker.To investigate the noise effect
for entrainment by the pacemaker, the random noise of light
illumination was applied as follows:

whereφ0 and R are constant values, both of which define a
Hopf bifurcation point of the system. Here,â is the amplitude
of noiseê(δ), which is the random value equally distributed
among-1 and 1;δ is the interval of random steps (δ ) 1).
WhenR increases, the period of oscillations increases gradually
and then the oscillations suddenly cease atR ) 1.

Figure 10 shows the probability of∆θ(τn) for each slaved
oscillator. We inferred that all slaved oscillators had equal
catalyst concentration to simplify simulation. In the absence of
the light illumination (R ) 0, â ) 0), all slaved oscillators
showed the peak of∆θ(τn), which shifted continuously as the
number of oscillators increased (Figure 10a). All slaved oscil-

lators were entrained by the pacemaker and the trigger waves
propagated from the pacemaker to the terminal oscillator 10.
When constant light illumination was applied only at oscillator
5 (R ) 0.9,â ) 0), entrainment of oscillator 5 was suppressed,
as shown in Figure 10b. The phase jump was then observed
between the oscillators 5 and 6, indicating discontinuity of the
trigger wave propagation. At the strong intensity of the light
(R ) 1.5,â ) 0), however, trigger waves from the pacemaker
were not interpreted between them (Figure 10c).

Figure 11 shows the entrainment rater of the terminal
oscillator 10 for five different spacingsd as a function of the
noise amplitudeâ. Ford ) 9.5 and 10, maximar are observable
as a function ofâ; an optimal noise amplitude exists. For other
spacings, no optimal noise amplitude exists. Results indicate
that an optimal spacing (i.e., optimal coupling strength) does
exist for enhancing noise-induced entrainment. We call “noise-
induced entrainment” for any value ofr whenr in the presence
of externally applied noises is larger than the expected value
of r in the absence of noises. Similar aspects have been reported
experimentally in 10× 10 lattice oscillator systems.18

Conclusions

We studied entrainment phenomena in a chain of chemical
bead-oscillators, one of which was set as a pacemaker. The
pacemaker entrained all oscillators when the distanced between
the beads was sufficiently small and the trigger waves propa-
gated periodically from the pacemaker to the terminal oscillator.
No entrainment occurred in the whole chain of BZ oscillators
beyond the critical spacingdc. Large fluctuation of entrainment
was observed neardc. In the numerical simulations using the
modified photosensitive Oregonator model, the constant light
illumination suppressed the entrainment. However if noisy
illumination was superimposed on the constant light, entrainment
by the pacemaker was maximized at an optimal noise amplitude.
That is, stochastic synchronization was observed.
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Figure 9. NE as a function ofd in the chain of chemical oscillators
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Figure 10. Probability of∆θ(τn) for each slaved oscillator obtained
from numerical calculation. In (a), (b), and (c),R are 0, 0.9 and 1.5,
respectively. The other parameter values areφ0 ) 1.668× 10-3, c0 )
0.14,c1 ) ... ) c10 ) 0.5, d ) 9.5 andâ ) 0.
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Figure 11. Entrainment rater of the oscillator 10 as a function of
noise amplitudeâ. The noisy light illumination was applied only in
oscillator 5. Error bars show the standard deviations ofr with a set of
3-25 random numbers at each noise amplitude. The parameter values
areR ) 0.99,φ0 ) 1.668× 10-3, c0 ) 0.14 andc1 ) ... ) c10 ) 0.5.
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